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The formalism of rainbow gravity is studied in a cosmological setting. We consider the very
early universe which is radiation dominated. A novel treatment in our paper is to look for an
“averaged” cosmological metric probed by radiation particles themselves. Taking their cosmological
evolution into account, we derive the modified Friedmann-Robertson-Walker(FRW) equations which
is a generalization of the solution presented by Magueijo and Smolin. Based on this phenomeno-
logical cosmological model we argue that the spacetime curvature has an upper bound such that
the cosmological singularity is absent. These modified FRW equations can be treated as effective
equations in the semi-classical framework of quantum gravity and its analogy with the one recently
proposed in loop quantum cosmology is also discussed.
I. INTRODUCTION
Any theory aiming to reconcile general relativity and
quantum mechanics is characterized by the presence of
the Planck length (lp =
√
~G/c3), which is the combi-
nation of the gravitational constant, the Planck constant
and the speed of light. It has been long believed that
this should be the minimum length scale that one can
observe or take measurement in laboratory. In a cos-
mological setting it is also conjectured that the Planck
length would provide a bound to the curvature of space-
time such that the big-bang singularity could be avoided
in the framework of quantum gravity.
In recent years the semi-classical or phenomenolog-
ical effect of quantum gravity has also been greatly
investigated[1, 2, 3, 4, 5, 6, 7, 8]. This is an essential
step to link the fundamental quantum theory of grav-
ity which is under exploration and the classical general
relativity which however has proved to describe our low
energy world quite well. Particularly it is proposed that
it may be responsible for some puzzles occurring in recent
astronomical and cosmological observations, such as the
threshold anomalies of ultra high energy cosmic rays and
Tev photons[9, 10, 11, 12, 13, 14, 15]. Then in this direc-
tion a key issue arises, namely how to construct a semi-
classical or effective theory of quantum gravity where the
Planck length may play a fundamental role but without
violating the principle of relativity. Among several can-
didates, doubly special relativity is supposed to be such
a framework to implement this scheme. It is a deformed
version of conventional special relativity with two univer-
sal constants which are the same for all inertial observers,
one being the speed of light while the other the Planck
length or Planck energy. This can be accomplished by a
non-linear Lorentz transformation in momentum space,
which leads to a deformed Lorentz symmetry such that
the usual energy-momentum relations or dispersion rela-
tions in special relativity may be modified with correc-
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tions in the order of Planck length. Nevertheless, in the
framework of doubly special relativity the definition of
the dual position space is not trivial due to the nonlinear-
ity of the Lorentz transformation. To overcome this dif-
ficulty, Magueijo and Smolin proposed in[16] that maybe
there is no single spacetime background when the effect
of moving probes on geometry is taken into account. In-
stead, it is replaced by a one parameter family of metrics
which depends on the energy of these test particles, form-
ing a “rainbow” metric. More explicitly, corresponding
to each modified dispersion relation, a dual rainbow met-
ric can be constructed. Consequently when incorporat-
ing curved spacetime the connection and curvature are
energy dependent such that the usual Einstein’s equa-
tions is modified as a one parameter family of equations.
This proposal has received a lot of attention recently and
other stimulated work on this formalism can be found in
[17, 18, 19, 20, 21, 22, 23].
As specific examples the modified version of FRW so-
lution and Schwarzschild solution to these equations have
been presented in [16]. These solutions are derived in
a general sense that the probe can be any test parti-
cle moving in the spacetime. Thus during the process
of solving deformed Einstein’s equations, those correc-
tion terms in a rainbow metric, though dependent on the
energy of probes ǫ, can be treated as a constant indepen-
dent of spacetime coordinates. In this paper we intend to
take the formalism of rainbow gravity as a semi-classical
framework of quantum gravity, and study its impact on
the evolution of the early universe. Rather than tak-
ing any specific measurement into account, we intend to
consider the semi-classical effect of radiation particles on
the spacetime metric during a longtime process. Then
the probe energy appearing in the correction term of the
rainbow metric is identified with the one of photons or
other sorts of massless particles like gravitons which dom-
inate the very early universe. In this setting the energy
of probes obviously varies with the cosmological time. In
this paper we take this effect into account and derive a
generalized formalism of the modified FRW equations
previously presented in [16]. Based on this, we further
propose a strategy to define an intrinsic metric for the
universe by considering the “average” effect of all radi-
2ation particles. This phenomenological model provides
the spacetime curvature an upper bound such that the
cosmological singularity is absent in this semi-classical
framework. We will end this paper by pointing out the
analogy of the modified FRW equations presented here
with the one recently proposed in loop quantum cosmol-
ogy.
II. REVIEW ON RAINBOW GRAVITY
We start this section with a quick review on rainbow
gravity formalism proposed by Magueijo and Smolin[16].
In deformed or doubly special relativity, the invariant of
energy and momentum in general may be realized by a
non-linear Lorentz transformation in momentum space,
leading to a modified energy-momentum relation or dis-
persion relations as
ǫ2f21 (ǫ, η)− p2f22 (ǫ, η) = m20, (1)
where f1 and f2 are two functions of energy depending on
the specific formulation of boost generator and η is a di-
mensionless parameter. Now to incorporate the effect of
gravity, they proposed a deformed equivalence principle
of general relativity, stating that the free falling observers
who make measurements with energy ǫ will observe the
same laws of physics as in modified special relativity. Fur-
thermore, the correspondence principle requires that f1
and f2 approach to unit as ǫ/Ep ≪ 1. On the other
hand, the position space is defined by requiring that the
contraction between momenta and infinitesimal displace-
ment be a linear invariant.
dxµpµ = dtǫ+ dx
ipi. (2)
As a result, the dual space is endowed with an energy
dependent invariant
ds2 = − 1
f2
1
(ǫ, η)
dt2 +
1
f2
2
(ǫ, η)
dx2. (3)
Keep going on and taking the effect of gravity into ac-
count, a one parameter family of connections as well as
curvature tensors can be constructed from the rainbow
metrics, leading to a modified Einstein’s field equations
Gµν(ǫ) = 8πG(ǫ)Tµν(ǫ) + gµν(ǫ)Λ(ǫ), (4)
where Newton’s constant as well as the cosmological con-
stant is conjectured to be energy dependent in general as
one expects from the viewpoint of renormalization group
theory, for instance G(ǫ) = g2(ǫ)G and Λ(ǫ) = h2(ǫ)Λ.
III. MODIFIED FRW UNIVERSE
In this section we derive cosmological solutions to mod-
ified Einstein equations (4). The modified FRW metric
for a homogeneous and isotropic universe may be ex-
pressed in terms of energy independent coordinates as
ds2 = − 1
f2
1
(ǫ, η)
dt2 +
1
f2
2
(ǫ, η)
a(t)γijdx
idxj , (5)
where γij is the spatial metric. For simplicity we consider
the spatially flat universe with
K = 0 Λ = 0 γij = δij , (6)
but it is expected to be straightforward extending our
analysis to the other cases.
Usually one is free to pick up arbitrary particle as a
probe and for any specific operation of measurement its
energy ǫ can be treated as a constant which is indepen-
dent of spacetime coordinates. However, in early uni-
verse of course no such real measurement is taken. Here
we intend to apply this mechanism to study the semi-
classical effect of radiation particles on the background
metric during its evolution which is a longtime process.
Then it is natural to take one of radiation particles as
the probe. Moreover, in this circumstance the evolution
of energy ǫ with the cosmological time need to be con-
sidered, maybe denoted as ǫ(t). Now taking this into
account we derive the modified FRW equations follow-
ing the standard process in general relativity. For conve-
nience we further take the following ansatz
η = 1, f2(ǫ, η) = g
2(ǫ) = 1, (7)
such that the non-vanishing components of the associated
connection read as
Γ000 = −
f˙
f
, Γ0ij = f
2a˙aδij , Γ
i
0j = δ
i
j
a˙
a
. (8)
Going ahead we obtain the non-trivial components of
Riemann tensor as
Ri
00j =
a¨
a
δij +
a˙f˙
af
δij
R0i0j = f
2aa¨δij + f f˙aa˙δij
Rijkm = f
2a˙2(δikδjm − δimδjk). (9)
Thus the Ricci tensor components are
R00 = 3
a¨
a
+ 3
a˙f˙
af
Rij =
[
f2
(
aa¨+ 2a˙2
)
+ f f˙aa˙
]
δij
R = −6f2
(
a¨
a
+
a˙f˙
af
+
a˙2
a2
)
. (10)
Next we consider the fluid with the energy-momentum
tensor
Tµν = ρuµuν + P (gµν + uµuν) (11)
3where ρ denotes the energy density while P the pressure,
and uµ is defined as
uµ = (f
−1, 0, 0, 0) (12)
such that it is a unit vector, namely
uµuνg
µν = −1. (13)
Applying this setting to the conservation equation of
energy-momentum tensor
∇µTµν = 0, (14)
we find that
ρ˙ = −3H(ρ+ P ), (15)
which is the same as the usual one. It is also interesting
to notice that this form is universal for all comoving ob-
servers, while the connection or the covariant derivative
∇(ǫ)µ is energy dependent and thus the symbols in (8)
have been employed when deriving the equation (15).
Now we turn to the modified Einstein equations. Sub-
stituting all the terms obtained above into (4) gives rise
to the modified FRW equations as
H2 =
8πG
3
ρ
f2
H˙ = −4πG (ρ+ P )
f2
−H f˙
f
, (16)
where we have introduced the Hubble factor H = a˙/a.
As in standard cosmology, from above equations we may
derive the conservation equation (15), which means only
two of these three equations are independent.
At the end of this section we point out that it is
straightforward to derive a general version of modified
FRW equations when both f1 and f2 are general func-
tions varying with the cosmological time.
IV. IMPLICATIONS TO THE COSMOLOGICAL
SINGULARITY
In this section we consider the evolution of modified
FRW universe. For explicitness we take the function f
as
f2 = 1− l2pǫ2, (17)
which has also been considered in the context of black
hole physics in[21, 24]. One extraordinary property of
this function is giving rise to a relation
ǫ2 =
1
2l2p
(
1−
√
1− 4l2pp2
)
, (18)
such that both the momentum and energy are bounded as
p ≤ 1
2lp
,ǫ ≤ 1√
2lp
. As we stated above, rather than pick-
ing up any specific particle from the radiation at random,
we more intend to take the radiation as an ensemble and
consider the “average” effect of radiation particles which
dominate the very early universe. Such a scheme has
been applied to investigate the thermodynamics of mod-
ified black holes as well. For details we refer to [21, 22]
and the previous relevant work in [25]. Then the energy
appearing in rainbow metric is identified with the statis-
tical mean value of all massless radiation particles. As
a result, the modified dispersion relation varies with the
cosmological time
f2 = 1− l2pǫ¯2(t). (19)
Then the conservation equation (15) and the FRW equa-
tion (16) read as
ρ˙
ρ
= −3(1 + ω) a˙
a
, (20)
a˙2
a2
=
8πG
3
ρ
1− l2pǫ¯2
. (21)
Before explicitly describing the evolution of the universe
subject to equations (20), we still need to know the
equations of state of the radiation. As pointed out in
references[16, 26], the usual relation of ρ and P would
be modified due to the modified dispersion relations,
namely ω 6= 1/3 exactly. However, as we show in the ap-
pendix, when the temperature is below the Planck scale
this modification will only provide correction terms in
higher orders of the Planck length, which will not change
the main picture we illustrate below. Furthermore, from
the dynamical point of view we find in this semi-classical
framework, the temperature of the universe will also be
bounded in the very early epoch, which is about the
Planck scale such that the case of T ≫ 1/lp, though dis-
cussed in our appendix, will not occur in the evolution
history of the universe. In hence for our purpose, it is
still plausible to identify the energy of radiation particle
with the density through the conventional relations
ǫ¯2 ∼ √ρ ρ˙
ρ
∼ −4 a˙
a
. (22)
Thus we have an equation
l2p
√
1− x
x2
x˙ = C (23)
where x = l2p
√
ρ and C is a constant . The solution is
t =
l2p
C
[√
1− x
x
+ ln
(1−√1− x)√
x
]
(24)
At the classical limit, namely lp → 0, it is easy to find
that the expression goes back to the usual one ρ ∼ 1t2 , but
in early time of the universe t → 0, we find the density
will go to a finite number rather than a divergent disaster
ρ ∼
(
lp
l2p + Ct
)4
∼ 1
l4p
. (25)
4Thus in this effective theory the cosmological singularity
is absent. We stress that the avoidance of singularity in
this context is not apparent. Time reparametrization will
not change this conclusion and this can be seen from the
equation (24).
Of course above consideration based on the identi-
fication in (22) is the zeroth approximation and quite
sketchy. More quantitative illustration of the evolution
may be obtained through numerical simulation based on
equations (36)− (39) in the appendix.
V. DISCUSSIONS AND CONCLUSIONS
It must be pointed out that the complete understand-
ing on the fate the cosmological singularity calls for a
complete quantum theory of gravity. Our analysis pre-
sented here, though in a heuristic manner, has shed light
on this issue and reflected the important role played by
non-perturbative gravity around the Planck scale. One
of our motivations discussing the fate of the cosmologi-
cal singularity in semi-classical regime also comes from
recent progress made in loop quantum cosmology, where
the exact solutions to quantum equations are remarkably
well approximated by a naive extrapolation of some semi-
classical effective equations. It is interesting to compare
the effective FWR equations from rainbow gravity with
those from loop quantum cosmology, where the effective
equations have the form [27, 28, 29]
H2 =
8πG
3
ρ
(
1− ρ
ρc
)
(26)
H˙ = −4πG(ρ+ P )
(
1− 2 ρ
ρc
)
(27)
and ρc ∼ l−4p . They may be obtained from the eqs. (16)
and (16) if we naively require that
f2 = (1− l4pǫ4)−1. (28)
Therefore, our scheme presented here indicates a poten-
tial relation between the rainbow gravity formalism and
the effective theory of loop quantum gravity at the semi-
classical level [30].
In summary, we have studied the semi-classical effect
of radiation particles on the background metric in the
framework of rainbow gravity, and obtained the modi-
fied FRW equations where the energy of particles varies
with the cosmological time. When taking some specific
modified dispersion relation into account, we find the evo-
lution picture of the universe in the early era dramatically
changes and the cosmological singularity can be avoided.
The scheme presented here may also be extended to more
general cases, for instance the spatial metric is non-flat
and the cosmological constant can also be involved. In
particular it is supposed that the scalar field should play
an important role in very early universe, its effective the-
ory in the formalism of rainbow gravity as well as the
effect of the energy dependence of the Newton’s constant
is under investigation.
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VI. APPENDIX: STATISTICS FOR RADIATION
PARTICLES WITH MODIFIED DISPERSION
RELATIONS
The thermodynamical feature of radiation particles
with modified dispersion relations has been consid-
ered previously in the context of non-commutative
geometry[26]. Here we start with the general form of
modified dispersion relations as considered above
f2ǫ2 − p2c2 = 0. (29)
Thus we have
dp =
f
c
(
1 + ǫ
f ′
f
)
dǫ. (30)
Then the usual density of states is modified as
g(ǫ)dǫ = 2
V
h3
4πp2dp
=
8πV
h3c3
f3
(
1 + ǫ
f ′
f
)
ǫ2dǫ. (31)
Consequently the following statistical quantities are mod-
ified as
N¯ =
∫
g(ǫ)
eǫ/kT − 1dǫ. (32)
ρ =
U¯
V
=
∫
ǫ
V
g(ǫ)
eǫ/kT − 1dǫ. (33)
PV
kT
=
∫
− ln(1− e−ǫ/kT )g(ǫ)dǫ. (34)
Plugging the modified density of states into the equation
(32) we obtain
N¯ =
∫
8πV
h3c3
f3
(
1 + ǫ
f ′
f
)
ǫ2
eǫ/kT − 1dǫ
=
8πV
h3c3
∫ 1√
2lp
0
ǫ2(1 − l2pǫ2)
1
2 (1− 2l2pǫ2)
eǫ/kT − 1 dǫ. (35)
5Now we consider above integrations with the specific
function given by (17). For low temperature, we may
redefine x ≡ ǫkT and λ ≡ lpkT ≪ 1, such that the inte-
gral may be approximately evaluated as
N¯ ∝ V T 3(1− αl2pT 2 + ...). (36)
Similarly we can get the results for the density and the
pressure
ρ ∝ σT 4(1− βl2pT 2 + ...), (37)
P ∝ 1
3
ρ(1− γl2pT 2 + ...), (38)
providing modifications to both Stefan-Boltzmann law
and the equation of state, where the parameters may
approximately evaluated as α = 25.88, β = 46.95 and
γ = 28.17. As a result, we notice that
ǫ¯ =
ρV
N¯
∝ kT (1 + δl2pT 2 + ...). (39)
For high temperature λ ≫ 1, however, these relations
will change greatly. It can be found that
N¯ ∝ 8πV
h3c3
kT
l2p
∫ 1√
2
0
2x(1 − x2) 12 (1− 2x2)dx, (40)
and
U¯ ∝ 8πV
h3c3
kT
l3p
∫ 1√
2
0
3x2(1− x2) 12 (1− 2x2)dx, (41)
such that the energy of particles is bounded as we expect
from the viewpoint of doubly special relativity
ǫ¯ ∼ U¯
N¯
∼ 1
lp
, (42)
which is independent of the temperature.
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